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The series to be actually summed is such that the sum is obvious and the whole 
process involves only elementary algebra. 

The method can be extended to negative values of m, m = — 1 being excluded, 
and also to fractional values. Compare 19S0, 116-117. 

(7) The object of Professor Roever's paper was to illustrate a purely geometric 
method of treatment by its appUcation to the solution of some problems in 
geometric optics. The problems treated in this way were certain problems on 
brilliant points which have already been treated analytically by the author in 
Annals of Mathematics, second series, vol. 3, April, 1902; Transactions of the 
American Mathematical Society, vol. 9, July, 1908; and American Mathe- 
matical Monthly, vol. 20, December, 1913. An example of this geometric 
method is given in an article entitled; "Geometric Description of the Halo on 
the Dome of the St. Louis Cathedral," which will soon appear in a scientific 
number of the Washington University Studies. 

Paul R. Rider, Secretary-Treasurer. 



ENVELOPE ROSETTES.i 

By WILLIAM F. RIGGE, Creighton University, Omaha, Neb. 

One way of drawing a cardioid is to make a pen start in phase 90° from the 
center of a disk and move along a radius with simple harmonic motion, while 
the disk revolves with a uniform angular speed of the same period. If now, 
instead of a simple harmonic movement with the equation p = 1 — cos 0, the 
amplitude being unity, we give the pen a double harmonic motion, and write the 
equation 

p = (1 — cos 6) + {I — cos md), 

in which m differs from unity by some small aliquot fraction; we shall then get 
a series of harmonic curves which have one variable parameter, and which must 
therefore have a common envelope. The problem before us is to find this 
envelope. 

The Inner Envelope a Cardioid. — The method of procedure, according to the 
textbooks, is to differentiate the above equation by regarding the variable 
parameter m as the only variable in it, and then to eliminate the parameter 
between these two equations. This will give us 

sin md = 0, 



' Readers of this article are reminded of earher articles by Professor Rigge in this Monthly 
("Concerning a new method of tracing cardioids," 1919, 21-32; "Cuspidal rosettes," 19T9, 332- 
340) in which the discussion, with special reference to possibilities of his machine for tracing 
curves, is along similar lines. We have ahready referred (19W, 132) to the interesting illustrated 
account of this machine in the Scientific American Supplement, 1918, February 9 and 16 (partly 
reproduced in La Nature, 1919, September 27) Editor. 
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and then 

± 1 = p - 2 + cos &, 

so that the equation of the envelope becomes^ 

p = (1 - cos &) + 2 
and 

p = 1 — cos 6. 

There is therefore an inner envelope which is a cardioid, and an outer one in 
which the radius vector of this cardioid is increased by 2. 

Fig. 1 has been drawn to represent these curves. This figure, like all 
those in this article, has the same position on the page that it had on the disk at 
the moment when it was completed and the drawing pen had returned to its 
initial position. If we can imagine the disk, which turns in a clockwise direction, 
to be now alone arrested, the pen will keep on moving up and down along the 
vertical line of the page through the cusp, that is, along what is generally denoted 
as the Y axis in figures, but which we may call here the mechanical axis of Y. 
The mathematical axis of + y which is used in the equations just given and which 
convention directs to run always upward, runs to the right in this Fig. 1, so that 
the figure must be turned 90° in an anticlockwise direction in order to have it 
oriented in the usual way. The reason for this departure from the customary 
mathematical practice was that, by presenting the mechanical aspect of the 
figures, the changes that come over them when the initial phase or position of the 
pen or the rotation frequency of the disk is altered, may be seen to better advan- 
tage. The mathematical axes must therefore be rotated to suit each figure in 
particular. This will present no great difiiculty. 

The motion of the pen in Fig. 1 was the resultant of two simple harmonic 
movements both of the same amplitude, one with a unit period and the other 
with a period m, 15/16 or 16/15 as long, while the disk had a period of either com- 
ponent. In practice component A had a wheel with 32 cogs which made 15 
revolutions while component B with 30 cogs made 16, the disk in the meantime 
with a 30- or 32-cog wheel making 16 or 15 turns. In Fig. 1 a 32-cog wheel with 
15 revolutions was used on the disk. A radius (through the cusp) may be seen 
to cut the compound curve in 15 points. Had a 30-cog wheel with 16 revolutions 
been employed, there would have been 16 such intersections. 

The pen was placed at the center of the disk (at the cusp) when both of its 
components were in phase 90°. When set in motion the pen started to draw a 

^ It is rather questionable to call m a variable parameter since only one value of m is considered 
at a time. There is a single curve with several lobes, giving the appearance of so roany different 
curves all tangent to their envelope. Perhaps we might speak of it as the envelope of the lobes. 
It is true that this envelope happens to be the same for all values of to, at least for all rational 
values of m, and that its equation can be obtained by the usual process if we make m a variable 
parameter, but the envelope of a family of curves might be quite different from the "envelope" 
of the lobes of any one of them, and in the case of the curves represented by the given equation 
it might be diificvdt to apply the theory of envelopes to the variation of the given curve produced 
by a continuous variation of m. — Editor. 
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cardioid twice the size of the inner envelope, but this at once, although gradually, 
changed into a curve that became more and more curtate as the pen receded 
farther from the center at each revolution, until, in the middle of its compound 
period, when cos d + cos md was equal to zero, it momentarily drew the arc of a 
circle with the radius 2. After this the lobes of the curve repeated themselves 
in inverse order, while their axes kept on swinging in the same direction. 

A study of Fig. 1 shows that the points of intersection of the lobes are arranged 
in radial lines at equal angular intervals, and that the points of tangency of the 
curve with the two envelopes are also spaced equiangularly. 

The Outer Envelope a Cardioid. — ^There is a second way of drawing an envelope 
that is a cardioid. In the first case we placed the pen at the center of the disk 
when the phase of each of its two harmonic components was 90°. Now let us 
make the phase 0° at the center. The first component A, if used alone, will 
then trace the circle p = sin 9, and the two together will trace p = sin + sin md. 
Proceeding as before, we find the envelope 

± 1 = p — sin ^ 
or 

p = 1 + sin S 

and p = — 1 + sin S or (1 + sin 6) — 2, which are identical, or rather coincident, 
the first being traced as usual by the positive extremity of p, say by point P, 
and the other by a point P' at the constant distance of 2 from P in the negative 
direction of p. There is then practically only one envelope, which we may in 

the mechanical sense call an 
outer one. The mathematical 
axis oi -{-Y now runs to the left 
in Fig. 2. We may note that 
the equation of the second en- 
velope of Fig. 2 has the con- 
stant — 2 as opposed to -1- 2 in 
the second one of Fig. 1. 

Envelope Rosettes. — General- 
izing the above results by using 
nO in place of 6, we may apply 
the same principles to rosettes. 
Thus if we take n=2, there are 
two complete compound cycles 
of the pen to one of the disk, 
that is, the components A and 
B turn twice 15 and 16 times 
while the disk makes as before 
■ its usual 15 or 16 revolutions. 

We then have a rosette in the inner envelope of Fig. 3 and in the outer one of 
Fig. 4, using the latter expression in the mechanical sense. In the mathematical 
sense, however, there are two envelopes in Fig. 4, not coincident, but lying at 
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right angles to one another. The direction of the mathematical axes has also 
undergone a change. Their position in these and subsequent figures may readily 
be deduced from the respective equations, and will for that reason no longer be 
referred to. 

When n = 3 we see that the usual inner envelope is a rosette in Fig. 5, and 
that the outer one in Fig. 6 is an equal one. Fig. 7 shows a septifolium as an 
inner envelope. The outer one was not drawn because it would have been 
almost totally black, as Fig. 6 leads us to suspect, on account of the great number 
of its close and overlapping lines. 

From a mathematical point of view all these seven figm-es present envelopes 
that are rosettes. When the common phase of the two components A and B 
is made 90° at the center of the disk, as in Figs. 1, 3, 5, 7, we have two envelopes, 
an inner one which is a rosette, and an outer one in which the radius vector of 
the inner one is increased by 2. When the common phase is 0° at the center, 
as in Figs. 2, 4, 6, there are also two envelopes, both being equal rosettes. They 
are coincident when n is odd, but crossed equiangularly when n is even. From 
a mechanical standpoint, the first class of figures may be said to have rosettes 
as their inner envelopes and the second to have corresponding equal rosettes as 
their outer envelopes, the number of lobes being doubled in the latter case when 
n is even. 

The Ratio of the Periods of the Comfonents, or the Value of m. — In all the 
cases presented m was taken as 15/16 or 16/15, the harmonic component A making 
15n revolutions and B IQn, while the disk rotated 15 or 16 times. The number 
of revolutions of the disk, 15 or 16, must be l/n that of one of the components. 
We may select either except when » is a factor of the one used, for then, as 
soon as the pen has run through one complete compound cycle, it will begin to 
retrace the curve already drawn, so that the figure will present a disappointing 
appearance of incompleteness, since it will have only one nth as many lines as 
it ought to have. For this reason the disk had to make 15 turns for n = 2 
and 16 for ra = 3. For n = 7, 15 were made, but 16 would have done equally 
well. For n = 5 (not shown) they had to be 16. 

The Starting Phases of the Componerds. — When the phases of the components 
A and B were 90° and the pen was set down at the center of the disk, the inner 
envelopes it traced were the rosettes shown in Figs. 1, 3, 5, 7. The identical 
figures, only turned at right angles, were drawn when the pen was started in 
phase 0° on the mechanical Y axis at the distance + 2 from the center, that is, 
at the upper end of a lobe. The reason is that in a quarter of a turn of the disk 
one of the components A or B advances exactly one or n quarters of a period also 
and the other only one-fourth of 1/15 or 1/16 more or less. This difference is 
insensible in practice when m ^ 1 is very small. In like manner the identical 
"outer-envelope" rosettes, turned at right angles, resulted, Figs. 2, 4, 6, when 
the pen was started on the Y axis at the distance -f- 2 in phase 90° instead of at 
the center in phase 0°. From this it follows that the pen may be started in any 
equal phase a of its components and set down on the mechanical Y axis at the 
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distance 2 sin a from the center in the last case and 2 cos a in the first, in order 
to draw the same respective rosette, which will then be turned through the angle 
a on the disk. For this reason we might call the rosettes in Figs. 1, 3, 5, 7, 
"cosine" rosettes and those in Figs. 2, 4, 6, "sine" rosettes. 

Transition Envelopes. — The principle just stated may be applied to show the 
transition from the (mechanical) outer- to the inner-envelope cardioid. Thus 
Figs. 8-12 are intermediate between Figs. 2 and 1. In all of these seven figures 
the starting point was at the center of the disk, but the phases were taken at 15° 
intervals from 0° to 90°. In Fig. 2 the. phases of the pen at the start were 0°. 
In Fig. 8 the phases were 15°, in Fig. 9,- 30°, in Fig. 10, 45°, in Fig. 11, 60°, in Fig. 
12 75°, and finally in Fig. 1, 90°. The transition may thus be readily followed, 
and the axis of the envelope seen to swing round with uniform speed. 

This identical series of seven transition envelopes might have been obtained 
by keeping the starting phases of the components at 90° and setting down the 
pen on the mechanical Y axis at the distance of twice the sines of 0°, 15°, • • • 90° 
from the center. In this case the axes of the envelopes would have remained 
stationary on the mechanical X axis. When the pen is set beyond the distance 
2 sin 90°, the envelopes become curtate. Their inner faces will be the outer ones 
in Figs. 2, 8-12, 1, while their outer ones will tend to become more circular. 

Unequal Starting Phases of the Components. — Instead of starting the pen with 
Its components in equal phases, phase differences of any magnitude may be 
used. By studying the usual generation of Fig. 1 as given before, the initial 
position of the pen on the mechanical Y axis may so readily be deduced from the 
position it has there corresponding to the given phase difference, that numerical 
exemplifications are not necessary. The application to rosettes in general is 
also sufficiently obvious. 

Finally Fig. 13 shows a transition envelope for an even value of n intermediate 
between Figs. 3 and 4. 



THE COLLEGE AS A TRAINING SCHOOL FOR HIGH SCHOOL 

TEACHERS.i 

By ERNEST B. LYTLE, University of Illinois. 

This audience is no doubt familiar with the wonderful growth of high schools 
in the United States. In 1906 there were 52,394 pupils enrolled in the high 
schools of Illinois; in 1916 there were 102,870 enrolled, an increase of 96 per cent 
in ten years in Illinois alone. (Illinois High Schools, L. W. Smith, p. 9.) In 
the light of the recent marvellous growth in the number and community impor- 
tance of our high schools, it is not necessary to argue here the great significance 

' Address read before the Ann Arbor meeting of the Mathematical Association of America, 
Sept. 5, 1919; also before the Illinois Section of the Association, Nov. 22, 1919. 



